Using twistor techniques we shall show that there is a hypercomplex structure in the neighbourhood of the zero section of the tangent bundle T X of any complex manifold X with a real-analytic torsion-free connection compatible with the complex structure whose curvature is of type (1; 1). The zero section is totally geodesic and the Obata connection restricts to the given connection on the zero section.
Introduction
Hypercomplex manifolds can be thought of as non-metric analogues of hyperk ahler manifolds, i. e. they are di erentiable manifolds with three complex structures I,J and K satisfying the relations I Hyperholomorphic vector bundles over hypercomplex manifolds are vector bundles with connection whose curvature is of type (1; 1) with respect to all three complex structures I, J and K.
A hypercomplex manifold possesses a unique torsion-free connection, the Obata connection 7], which preserves all three complex structures. The tangent bundle with the Obata connection is hyperholomorphic . In the hyperk ahler case, the Obata connection is just the Levi-Civita connection of the metric.
In 4] we have shown that any real-analytic K ahler manifold can be extended to a hyperk ahler manifold in its cotangent bundle. In this paper we shall use a similar construction to obtain the twistor space and show the existence of twistor lines to prove Theorem A A complex manifold X with a real-analytic torsion-free a ne connection preserving the complex structure whose curvature is of type (1; 1) de nes a natural hypercomplex structure on a neighbourhood of the zero section of the tangent bundle TX. We point out that X is a complex submanifold of the hypercomplex manifold in TX; however the complex structure is not the canonically induced complex structure on TX.
In the case where X is a K ahler manifold we can use the metric to identify TX and T X; the hypercomplex structure (coming from X equipped with the Levi-Civita connection using Theorem A) and the hyperk ahler structure mentioned above correspond under this identi cation. In this case the complex structure for which X is a complex submanifold corresponds to the canonically induced complex structure of the cotangent bundle.
Using the correspondence between hyperholomorphic bundles over a hypercomplex manifold and certain holomorphic bundles over its twistor space we shall prove Theorem B Let E be a vector bundle with real-analytic connection whose curvature is of type (1; 1) over the complex manifold X. Then there exists a hyperholomorphic extension of E over a neighbourhood of the zero section of TX.
Finally we shall show Theorem C The zero section X is totally geodesic in the hypercomplex manifold given by Theorem A and the Obata connection restricts to the given a ne connection on X.
Since the Obata connection has curvature of type (1; 1) for all complex structures, in particular for the complex structure induced from the base, it is necessary for this result that the connection on X has curvature of type (1; 1).
Hypercomplex extensions
Any complex manifold has an underlying real-analytic structure; if z 1 ; : : : ; z n are holomorphic coordinates, z 1 ; : : : ; z n ; z 1 ; : : : ; z n are real-analytic coordinates. Now let X be a complex manifold with a real-analytic torsion-free a ne connection r which preserves the complex structure I. By a real-analytic connection we mean that its Christo el symbols (or its connection form) are locally given by real-analytic coe cient functions in the real-analytic coordinates z 1 ; : : : ; z n ; z 1 ; : : : ; z n .
Remark 1 (i) A torsion-free connection compatible with the complex structure need not have curvature of type (1; 1). However, the (2; 0)-part of the curvature must vanish on vector elds of type (0; 1) and, analogously, the (0; 2)-part on vector elds of type (1; 0).
(ii) There are torsion-free connections compatible with the complex structure whose curvature is of type (1; 1) which are not the Levi-Civita connection of a (pseudo-) K ahler metric on X.
Any manifold with a real-analytic structure can be complexi ed. More precisely, the complexi cation X c of X is locally given by holomorphic coordinates z 1 ; : : : ; z n ;z 1 ; : : : ;z n and we can extend the connection forz i near z i , 1 i n, because the Christo el symbols (or the connection form) are given by real-analytic functions in z 1 ; : : : ; z n ; z 1 ; : : : ; z n . By abuse of notation we call this neighbourhood X c again.
On X c there is a real structure : X c ! X c given locally by (z 1 ; : : : ; z n ;z 1 ; : : : ;z n ) = ( z 1 ; : : : ; z n ; z 1 ; : : : ; z n ):
We can then identify X with the set of real points, i. e. the xed points of :
(z 1 ; : : : ; z n ; z 1 ; : : : ; z n ) 2 X c ;
but under this identi cation X is of course not a complex submanifold of X c . The complexi cation X c carries two natural foliations given locally by z i = const for 1 i n andz i = const respectively. We call these the + foliation (respectively ? foliation). Since we assume the curvature F of r is of type (1; 1), i. e. F = P ij F ij dz i^dzj , the connection restricts to a at torsion-free a ne connection along each leaf of either foliation.
The real structure interchanges the foliations, and X X c intersects each leaf in exactly one point, namely in (z 1 ; : : : ; z n ; z 1 ; : : : ; z n ) = ( z 1 ; : : : ; z n ;z 1 ; : : : ;z n ):
We can therefore identify the local space of leaves B + as a complex manifold with X, and the space of leaves B ? with X, i. e. X with the conjugate complex structure.
Construction

The bundle of a ne linear functions
We consider one of the foliations, without loss of generality the + foliation, with space of leaves B = B + .
As each leaf carries a at torsion-free a ne connection, we can consider for each b 2 B 
is a section of for each x 2 U X c . Remark 2 By Frobenius' theorem the foliation can locally be given by conditions q i = const for some coordinates. In our case, we have q i = z i for the + foliation and q i =z i for the ? foliation respectively. Let 1 ; : : : ; n be 1-forms on X c which form a basis of covariant constant 1-forms on each leaf of the foliation. They can be obtained using parallel transport along the leaves after rst choosing a transverse section and any basis of cotangent vectors along the section.
As the connection is torsion-free, d i = 0 on each leaf. We then solve dp i = i on each leaf (as an ordinary di erential equation with parameters) to obtain a ne linear functions p 1 ; : : : ; p n .
Hence we have found coordinates q 1 ; : : : ; q n ; p 1 ; : : : ; p n such that the foliation is given by q i = const and 1; p 1 ; : : : ; p n are a basis of a ne linear functions. In coordinates with respect to the dual basis the map is given by (q 1 ; : : : ; q n ; p 1 ; : : : ; p n ; ) = (q 1 ; : : : ; q n ; ; p 1 ; : : : ; p n ):
Proposition 1 is a holomorphic di eomorphism of U C onto its image.
Proof: Using the coordinates introduced in Remark 2 we deduce that is a local di eomorphism by the inverse function theorem. As is also injective, is a di eomorphism onto its image.
Remark 3 The exterior derivative maps V into the bundle W of covariant constant 1-forms along the leaves and its kernel is the space of constant functions, hence dualising we have an exact sequence 0 ! W ! V ! C ! 0;
i. e. the covariant constant vector elds along the leaves can be embedded into V and, in fact, into ?1 (0). As the tangent bundle of the manifold can be identi ed with the space of covariant constant vector elds W using parallel transport we can identify the bre ?1 (0) over zero with the tangent bundle TX.
The attaching map and explicit twistor lines
Applying the above construction to both foliations we obtain V + and V ? as well as maps + and ? which will be used for the gluing. In order to construct a twistor space which is Hausdor the two halves have to be de ned as the following two subspaces of V + and V ? respectively. We choose c 2]0; 1 Proof: The only point is Hausdor ness which can be dealt with by proving that the graph of the identi cation map is closed in the same way as in the metric case, see 4, Proposition 3].
Therefore we have constructed a (2n + 1)-dimensional complex manifold Z together with a holomorphic projection p : Z ! C P 1 and a 2n-dimensional family of sections. Remark 4 We note that locally the vertical directions in the tangent bundle are given by @=@z 1 ; : : : ; @=@z n (as the vertical directions are independent of the connection) which implies the complex structure on the vertical directions is ?I (see the discussion of the complexi cation in Section 2).
We note that there is a canonical real structure on Z covering the antipodal map on C P In order to prove that the data constructed in 2.1.2 does indeed give the twistor space of a hypercomplex manifold we have to show that the explicit sections have the correct normal bundle. The hypercomplex manifold thus obtained can be identi ed with a neighbourhood of the zero section of the tangent bundle using Remark 3. We start with the following Lemma 1 On each leaf z = z 0 = const there exists a basis f 0 1; f 1 ; : : : ; f n of a ne linear functions such that f i =z i + higher order terms. Proof: We de ne covariant constant 1-forms 1 ; : : : ; n on z = z 0 by the requirement i (z 0 ) = dz i (wherez 0 is a point in the leaf) using parallel transport. As the connection is torsion-free, these 1-forms are closed, hence locally i = df i . If Proof: We use the basis f 0 1; f 1 ; : : : ; f n of a ne linear functions from Lemma 1. Using this lemma for the leaves of the ? foliation we obtain a basisf 0 1;f 1 ; : : : ;f n of a ne linear functions on its leaves. We choose coordinates z 1 ; : : : ; z n ; x 0 ; : : : ; x n (respectivelỹ z 1 ; : : : ;z n ;x 0 ; : : : ;x n ) with respect to the dual bases. The maps + and ? are then given by + (z 1 ; : : : ; z n ;z 1 ; : : : ;z n ; ) = (z 1 ; : : : ; z n ; ; f 1 (z;z); : : : ; f n (z;z)) (where z = (z 1 ; : : : ; z n ) andz = (z 1 ; : : : ;z n )) and ? (z 1 ; : : : ; z n ;z 1 ; : : : ;z n ; ?1 ) = (z 1 ; : : : ;z n ; ?1 ; ?1f 1 We shall show that we can nd sections s 1 ; : : : s n ; t 1 ; : : : ; t n of N such that s 1 (0) = = s n (0) = 0, t 1 (1) = = t n (1) = 0, s 1 (1); : : : ; s n (1) are linearly independent and tangential to the + foliation and t 1 (1); : : : ; t n (1) are linearly independent and tangential to the ? foliation. Then s 1 (1); : : : ; s n (1); t 1 (1); : : : ; t n (1) form a basis for N sx (1) .
Using Remark 2 there exist coordinates p 1 ; : : : ; p n ; q 1 ; : : : ; q n of X c such that the + foliation is given by q i = const and + (p 1 ; : : : ; p n ; q 1 ; : : : ; q n ; ) = (q 1 ; : : : ; q n ; ; p 1 ; : : : ; p n ): We consider the 1-parameter family of sections s t;j : C P Proof: We work locally, without loss of generality on Z + , and choose a coordinate system z 1 ; : : : ; z n ; x 0 ; : : : ; x n as in the proof of Proposition 3. Then the projection is given by x 0 and x 1 ; : : : ; x n are coordinates in the bre of the tangent bundle. Hence the S 1 -action is given in these coordinates by u:z j = z j for 1 j n, and u:x j = ux j for 1 j n where ux denotes multiplication by u. It can be extended by letting u:x 0 = ux 0 , and it is obvious that the action is holomorphic on Z and that the projection p is equivariant.
We note that the xed point set in Z has two components, namely X p ?1 (0) and X p ?1 (1) . The action also extends to a C -action for 2 C with j j near 1. 
Hyperholomorphic extensions
It is well known that hyperholomorphic bundles over hyperk ahler manifolds correspond to holomorphic bundles over its twistor space which are trivial along each real twistor line (see, for example, 11, 6] for the four-dimensional situation, 1] for the quaternionic-K ahler case, also 10]).
Examining the proof of this correspondence we notice that the same statement is true if the base manifold is hypercomplex instead of hyperk ahler.
We brie y recall how to construct the hyperholomorphic bundle E and its connection from such a bundle W ! Z where Z is the twistor space of a hypercomplex manifold M. The gauge transformation can be found inductively by solving successively the one-dimensional equations @g @ z j = g j for j = 1; : : : ; n where we regard z 1 ; : : : ; z j?1 ; z j+1 ; : : : ; z n as parameters. Since j is realanalytic, so is g by elliptic regularity. As j depends real-analytically on the parameters, so does g which gives the desired gauge transformation.
We complexify to E c q ! X c where X c is the complexi ed complex manifold of our twistor construction introduced in section 2: locally X c has coordinates (z 1 ; : : : ; z n ;z 1 ; : : : ;z n ) = (z;z). The complexi ed bundle can be given in terms of the local trivialisation E c j U c ! U c C k ((z;z); v) 7 ! ((z;z); (z)v) where U c = f(z;z) 2 X c ; z 2 Ug.
The functions a 1 ; : : : ; a n can be extended to holomorphic functions in z;z forz near z. This gives rise to a connection form a c on E c over an open subset of X c which we -by abuse of notation-again call X c .
We recall that X c is equipped with two foliations, namely z i = const andz i = const respectively, see section 2. The connection on E c is at along each leaf of either of the two foliations as E has curvature of type (1; 1) and so the (0; 2) and (2; 0) components vanish. To complete the proof of Theorem B we have to show Proposition 5 The hyperholomorphic bundle E 0 restricted to X is isomorphic to the original bundle E ! X as bundle with connection.
The proposition follows from two lemmas of which the rst shows the natural equivalence as vector bundles and the second the equivalence of the connections in the complexi ed situation.
We recall from section 2.3 that the complexi ed complex manifold X c corresponds to all twistor lines s such that s(0) 2 X and s(1) 2 X. Lemma As a tensor product is spanned by its decomposable elements v , a connection is uniquely determined by its values on vectors v , hence the connections must correspond under the isomorphism of E 0 and E.
We recall from 2.1.2 that the real structure on the twistor space Z is induced by the real structure on X c . The construction of W ! Z respects the real structure (as we can identify the relevant covariant constant sections using parallel transport), and thus the hyperholomorphic bundle E 0 ! M c (and also its restriction E 0 ! X c ) is compatible with the real structure. Therefore, E ! X and E 0 ! X are isomorphic as vector bundles with connection which concludes the proof of B. Denote by r E the hyperholomorphic connection on E and by r H the standard at connection on H. Then we de ne a connection on the complexi ed tangent bundle by r = r E r H . It is obvious from the construction that r preserves the complex structures of M. In order to prove that it is in fact the Obata connection of the hypercomplex manifold M we have to show it is torsion-free.
Proposition 6 The a ne connection r = r E r H is torsion-free. As the Obata connection is given by r E r H (see Proposition 6), the action preserves the Obata connection.
As we can identify TX TMj X with the xed point set of the induced S 1 -action, Proposition 7 implies that r v w is a section of TX whenever v and w are, hence the zero section is totally geodesic and the Obata connection restricts to a connection on TX.
Now we are ready to prove Theorem C. Proof: Using the general theory of the twistor correspondence for hyperholomorphic bundles as outlined in section 3 we can identify the covariant constant sections of E on S z , the parameter space of all twistor lines through z 2 Z, with (T F (?1)) z . The bundle H is trivial and we can think of it as spanned by S 0 and S 1 (which are de ned in the proof of Proposition 7). We also recall that for z 2 X, + z S z and forz 2 X, ? z Sz.
Next we construct a natural map from the space of covariant constant vector elds along + z to E S 0 E H = TM c .
First we choose a basis of covariant constant vector elds X 1 ; : : : ; X n on + z and denote by 1 ; : : : ; n the dual basis of covariant constant 1-forms. Next we choose a basis f 0 1; f 1 ; : : : ; f n of a ne linear functions on + z such that df j = j for 1 j n. Now we can choose a coordinate system z 1 ; : : : ; z n , x 0 ; : : : ; x n of V + with respect to the dual basis. In these coordinates any twistor line s parameterised by a point in + z is given by s( ) = (z 1 ; : : : ; z n ; ; f 1 (z;z); : : : ; f n (z;z)) (see the proof of Proposition 3), hence the tangent direction to s(C P 1 ) is given by @=@x 0 + P n j=1 f j @=@x j . Therefore, the forms dx i ?f i dx 0 lie in the co-normal bundle, and dz 1 ; : : : ; dz n ; dx 1 ?f 1 dx 0 ; : : : ; dx n ?f n dx 0 form a local basis for the co-normal bundle of the twistor line parameterised by (z;z) 2 + z X c .
We note that dx i ? f i dx 0 = x 0 df i = x 0 i . We denote by @=@z 1 ; : : : ; @=@z n ; Y 1 ; : : : ; Y n the dual basis of sections of N. Then the above relation yields x 0 Y i = X i , hence each X i gives rise to a section s i of the normal bundle of any twistor line in + z which vanishes at x 0 = 0, i. e. s i is of the form s i = i s 0 .
Thus we have produced an element i of E (z;z) . The map determined by X i 7 ! i gives the desired identi cation.
We recall that T F (?1) is trivial on each twistor line and thus on S z we can identify Ej Sz = H 0 (T F (?1))j Sz with (T F (?1)) z using evaluation at z, hence any covariant constant vector eld along + z with respect to the original connection is also covariant constant with respect to the Obata connection.
Similarly, any covariant constant section of TX c on ?
z with respect to the original connection is also covariant constant with respect to the Obata connection. Therefore we conclude as in Lemma 6 that the Obata connection restricts to the given connection on TX.
